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Abstract
Two coordinate systems in two remote labs are to be aligned by
sending specific pre-determined states from one lab and measuring
these states in the other. What kind of states are the most suitable for
this task? Based on the Quantum Fisher Information, we show that
Greenberger-Horne-Zeilinger states are optimal states for this task.
The advantage of these states are that they can be experimentally
prepared, compared to the optimal states which have been proposed
so far.
Introduction
Almost any quantum communication protocol requires reference frames (phase,
coordinates, time, etc) to be shared between the players. In case of coordi-
nate reference frames which is the subject of study in this paper, the two
laboratories, operated by Alice and Bob, have to agree on a common con-
ception of the x, y and z axis. Such a Shared Reference Frame (or SRF for
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short) is almost an absolute necessity for the hallmark protocols of quan-
tum communication, like quantum key distribution QKD, teleportation and
dense coding. The same is true for testing the entanglement of states shared
between the two labs by, for example, testing the Bell inequality violation
[1]. This is just a short list of protocols which obviously need an SRF for
their performance, although it is possible to do the same tasks by using some
other kind of resources [1, 2, 3].
In the past few years, the subject of sharing single directions and reference
frames have been studied from different points of view in different works
[4, 5, 6, 7, 8, 9, 10, 11, 12]. In [13, 14, 15], a general theory on the asymme-
try of quantum states has been set up within which this problem can also be
addressed. In [16, 17] general schemes for classical and quantum communi-
cation in the absence of shared reference frames have been analyzed.
More specifically Gisin and Popescu showed in [4] that sending two anti-
parallel spin one-half particles is better than two parallel spins for sharing a
direction, then Massar and Popescu [5] showed that the fidelity F of trans-
mission of a direction with N parallel spins scales as 1 − F ∼ 1
N
when the
receiver (Bob) is allowed to make collective muti-qubit measurements. Later,
Peres and Scudo [6] and Bagan et al [9] showed independently that the fidelity
can increase quadratically (i.e. 1 − F ∼ 1
N2
) with the number of particles
if the state is encoded into an entangled state of N spin one-half particles,
namely a state which is an eigenstate of total spin operator in the desired
direction. Alleviating the need for multi-qubit measurements, it was shown
in [8] that one can do single qubit measurements on singlet states shared be-
tween the two parties and use the correlations in measurements to set up a
common direction with the same fidelity as in Massar and Popescu [5]. The
figure of merit used in all these works was the fidelity between the actual
direction sent by Alice and the direction guessed by Bob, averaged over all
sent directions.
These studies naturally were extended to sending copies of a specific state
which encodes the information of a whole Cartesian frame [7, 9, 10, 11, 12].
The idea is that Alice takes a particular state |ψ0〉 in her own Caterzian frame
(x, y, z) and sends copies of it to Bob whose frame (x′, y′, z′) is not aligned
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with that of Alice. This state appears in the frame of Bob as
|ψ(θ)〉 = U(θ)|ψ0〉 (1)
where θ = (θ1, θ2, θ3) are the three parameters which designates the rotation
operator U(θ) aligning Bob’s frame with that of Alice. It is important to
note that |ψ0〉 itself does not have any intrinsic dependence on θ. Bob then
performs optimal measurements on this state in his own frame to estimate
the values of the parameter θ. The aim of optimal measurements of Bob is
to estimate the values of these parameters from the statistics of his measure-
ments. In [6], it was shown that despite the spherically symmetric potential of
a Hydrogen atom a particular Rydberg state |ψ0〉 =
∑n−1
j=0
∑j
m=−j ajm|j,m〉,
can indeed optimally encode this information. Here the figure of merit used
was the average fidelity over all orientations of frames and the explicit form
of the states, i.e. the values of aj,m, were found numerically.
In [11], the multi-parameter Crame´r Rao bound was considered and it was
shown that when the frames are slightly mis-aligned (an approach called the
local approach in [11]) simpler states can encode the information of Alice’s
frame. The basic premise in the local approach of [11] is that for small
misalignment, the rotation operator is linearized
U(θ) ≈ I + iθ · J (2)
which leads to a drastic simplification of the Quantum Fisher Information
matrix. The optimal states are thus found to be the so-called anti-coherent
states of spin j− systems, i.e. those which satisfy the following conditions
〈ψ0|Sa|ψ0〉 = 0 〈ψ0|S2a|ψ0〉 =
j(j + 1)
3
a = x, y, z. (3)
Therefore the authors of [11] found analytical forms for the optimal states
which turned out to be certain specific states of N particles, studied in [18]
and named anti-coherent states. When represented in terms of Majorana
representation [25, 18], they correspond to Platonic solids: Any symmetric
state can be decomposed as superposition of product states, i.e.
|ψ〉 = N
∑
σ∈SN
|~nσ(1)〉 ⊗ |~nσ(2)〉 ⊗ · · · |~nσ(N)〉, (4)
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where N is a normalization constant, the summation is performed over all
permutations and the states |~nk〉 are pure states on the Bloch sphere. There
is a one-to-one correspondence between any such state and the points on the
surface of Bloch sphere [18].
Quite recently [12] the problem has been studied in the so called global
approach, i.e. where the two frames are misaligned by arbitrary finite rota-
tions. To calculate the Fisher information and find the optimal state in this
approach, it is necessary to parameterize the rotation operator by the three
Euler angles, as
U(α, β, γ) = e−iαSze−iβSye−iγSz . (5)
Intriguingly and despite the asymmetry of the three axes, what the authors
of [12] obtain are still regular polyhedrons. They also obtained new forms
of symmetric states corresponding to Archimedean solids which contain the
states of [11] as a subset, figure (1).
The basic premise in the work of Goldberg and James [12] which leads to this
symmetry of optimal states, despite the asymmetry of their parameterization
is that they use a result of [11], namely (3) which is valid only for symmetric
parameterization (2) of the rotation operator.
Remark: It is crucially important to note that in all of these works the op-
timal state cannot be prepared experimentally due to its complicated form,
whether it be calculated analytically or numerically, whether in the local or
global approach.
In this article we start from scratch, use Euler parameterization for rotation
and show that the optimal state is in fact a GHZ state of the form
|ψ0〉 = 1√
2
(|N
2
,
N
2
〉+ eiδ|N
2
,−N
2
〉) = 1√
2
(| ↑, ↑, · · · ↑〉+ | ↓, ↓, · · · ↓〉) (6)
where the states | ↑〉 and | ↓〉 are the spin up and down in Alice’s z− direc-
tion and δ is an arbitrary phase. The basic point is that when a rotation
operator is decomposed as in Eq. (5), the sensitivity of the sent state to
variations of the three parameters is certainly not equal and there is an ob-
vious difference between the z-direction and the other directions. Therefore
it is understandable that the optimal state may not correspond to a regular
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polyhedron. As we will see, the optimal state that we will obtain is still a
symmetric state with a nice Majorana representation shown in figure (3.)
Had the Euler decomposition been chosen in a different form, i.e. with dif-
ferent orders of rotation, the GHZ state would have been different. In any
case, the important point is that such states can be created quite easily in
the laboratory with a quantum circuit. Our analysis shows in yet another
quantum information task, the usefulness of GHZ states as superposition of
macroscopically distinct states.
The structure of this paper is as follows: In section (1) we set up the prob-
lem and explain in detail the figure of merit which leads to the optimal state.
Then we will show that the GHZ states are near optimal in a sense which will
be explained. Finally we compare our final results with those of reference
[12]. We conclude the paper with a conclusion.
1 Crame´r-Rao bound for frame alignment
As explained in the introduction, Alice takes a particular state |ψ0〉 in her
own Caterzian frame (x, y, z) and sends copies of it to Bob whose frame
(x′, y′, z′) is not aligned with that of Alice. This state appears in the frame
of Bob as |ψ(θ)〉 = U(θ)|ψ0〉 where θ = (θ1, θ2, θ3) are the three parameters
which designates the rotation operator U(θ) aligning Bob’s frame with that of
Alice. The state |ψ0〉 itself does not have any intrinsic dependence on θ. Let
us denote the estimated values by θe = (θ1,e, θ2,e, θ3,e). Here optimality of the
whole process of estimation depends on the state |ψ0〉 chosen by Alice and the
clever measurements of Bob. In all the works which have taken the Quantum
Fisher Information as their figure of merit, as also in the present work, the
emphasis is to find the optimal state |ψ0,opt〉 which Alice should send, rather
than on the optimal measurement performed by Bob and the estimation
method he may use. These may be quite complicated and varied. What
really allows these two optimal choices to be made separately is the celebrated
mutli-parameter Crame´r Rao bound, which states that the variance between
the real values of the parameters θi and their estimated values θi,e satisfies
the following matrix inequality [19, 20, 21, 22]
∆(θe,θ) ≥ F−1(ψ(θ)) (7)
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where
∆(θe,θ)i,j = 〈(θi,e − θi)(θj,e − θj)〉 (8)
and
Fij(ψ(θ)) = 2〈∂iψ(θ)|∂jψ(θ)〉+ 2〈∂jψ(θ)|∂iψ(θ)〉
+ 4〈ψ(θ)|∂iψ(θ)〉〈ψ(θ)|∂jψ(θ)〉. (9)
Here |ψ(θ)〉 is the state |ψ0〉 as appeared in the frame of Bob, that is
|ψ(θ)〉 = U(θ)|ψ0〉. The important point about (1) is that the right hand
side is independent of the measurement process and any estimation procedure
that Bob may use. It sets a theoretical lower bound on the variance of the
values of estimated parameters compared with their real values. Note also
that we have used the form of Quantum Fisher Information for pure states,
since we have used the fact that F is a convex function of the parameterized
quantum states, and hence takes its optimum value at the extreme points of
the space of states, that is the pure states.
An important question is whether this lower bound can be saturated and it
has been shown in [23] that this is indeed the case if
Im〈∂iψ(θ)|∂jψ(θ)〉 = 0. (10)
One usually defines a cost function as the sum of variances of all three pa-
rameters, i.e.
C(θe,θ) :=
∑
i
〈(θi,e − θi)2〉 = Tr∆(θe,θ) (11)
which is bounded below as
C(θe,θ) ≥ Tr
[
F−1(ψ(θ))
]
= Tr
[
F−1(U(θ)ψ0)
]
. (12)
Therefore for communicating a ”known” parameter θ, the optimal state
|ψ0,opt〉 is the state which minimizes the right hand side. Naturally this
state depends on the parameter θ, therefore we can write ψ0,opt = ψ0,opt(θ).
While these relations are valid for any process in which a set of ”known”
parameters are encoded into quantum states and communicated to some
other point, in the problem of frame alignment, we are faced with a situation
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in which the parameter is not known to the sender. Therefore in this case
the optimal state cannot have any dependence on θ even after optimization.
Instead one has to define a cost function averaged over all values of the
parameter θ. A natural cost function is defined as follows
C :=
∫
dθTr(∆(θe,θ)), (13)
where dθ is a suitable measure over the space of parameters. Thus C depends
only on the estimation procedure and the initial state |ψ0〉, both of which are
suppressed in the notation for C for simplicity. Then equation (1) leads to
C ≥
∫
dθ Tr(F−1(U(θ)ψ0) =: Tr(F−1). (14)
In view of the convexity of the quantum Fisher matrix [24] and the inequality
Tr(X−1)Tr(X) ≥ n2 for any n dimensional positive matrix, one can also
write
C ≥ 9∫
dθ Tr(F (U(θ)ψ0)
=:
9
Tr(F )
. (15)
Remark: While inequality (1) can be saturated if for each θ, one inserts
ψ0,opt(θ) inside the integral on the right hand side, the inequality in (1), is
not normally saturated, that is, the quantum Fisher information, as used in
(14) and (15) gives a slightly less tight lower bound compared to the case
there a known parameter is to be communicated by encoding it into a quan-
tum state. Therefore no matter how the right hand side of (14) is minimized,
the Crame´r-Rao bound cannot be saturated for frame alignment and all the
optimal states found in different works, including the present one, should
actually be called near-optimal states.
What we will do is to calculate the quantum Fisher information matrix and
show that the GHZ state which almost maximize the quantity TrF . The
large benefit which comes from this approach is the simplicity of creating a
GHZ state in the laboratory compared with other states.
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Figure 1: An example of Majorana representation of optimal states corre-
sponding to Archemedean solids, found in [12]. Each vertex corresponds to a
pure state on the Bloch sphere and the full state is a symmetric superposition
of these states.
The Quantum Fisher Information for frame
alignment
The state |ψ0〉 that Alice sends to Bob appears in his frame as |ψ(θ)〉 =
U(θ)|ψ0〉, where
U(θ) = U(α, ,
¯
γ) = e−iαSze−iβSye−iγSz ≡ Z(α)Y (β)Z(γ), (16)
and α, β and γ are the Euler angles which transform Alice’s frame to that
of Bob, (see Fig. 2). Therefore the state |ψ0〉 that we find may act badly for
some cases, but on the average it is the best state that minimize the lower
bound of the cost.
We can now use Eq. (9) and calculate QFI matrix of |ψ(α, β, γ)〉 =
U(α, ,
¯
γ)|ψ0〉.
To calculate the QFI matrix, we need to calculate the following inner prod-
ucts:
〈∂θiψ(θ)|∂θjψ(θ)〉 = 〈ψ0|T †i (θ)Tj(θ)|ψ0〉, (17)
〈ψ(θ)|∂θiψ(θ)〉 = 〈ψ0|Ti(θ)|ψ0〉, (18)
8
↵Figure 2: Euler rotation of Bob’s frame (blue) into Alice’s frame (red).
where
Ti(θ) = U
†(θ)∂θiU(θ). (19)
It is straightforward to check that
Tα(θ) = −iZ†(γ)Y †(β)SzY (β)Z(γ), (20)
Tβ(θ) = −iZ†(γ)SyZ(γ), (21)
Tγ(θ) = −iSz, (22)
which after straightforward calculations using angular momentum algebra,
leads to
Tα = −iSβγ, Tβ = −iSγ, Tγ = −iSz, (23)
where
Sβγ := cos βSz − sin β(cos γSx − sin γSy), (24)
Sγ := cos γSy + sin γSx. (25)
Hence,
〈∂αψ|∂αψ〉 = 〈S2βγ〉, 〈∂βψ|∂βψ〉 = 〈S2γ〉, 〈∂γψ|∂γψ〉 = 〈S2z 〉, (26)
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and
〈ψ|∂αψ〉 = −i〈Sβγ〉, 〈ψ|∂βψ〉 = −i〈Sγ〉, 〈ψ|∂γψ〉 = −i〈Sz〉, (27)
where ψ = ψ(α, β, γ) and 〈◦〉 = 〈ψ0| ◦ |ψ0〉. Inserting the above relations into
Eq. (9), it is straightforward to check that the QFI matrix of Euler rotation
can be written as follows:
Fαα = 4
(〈S2βγ〉 − 〈Sβγ〉2), (28a)
Fββ = 4
(〈S2γ〉 − 〈Sγ〉2), (28b)
Fγγ = 4
(〈S2z 〉 − 〈Sz〉2), (28c)
Fαβ = 2
(〈{Sβγ, Sγ}〉 − 2〈Sβγ〉〈Sγ〉), (28d)
Fαγ = 2
(〈{SβγSz}〉 − 2〈Sβγ〉〈Sz〉), (28e)
Fβγ = 2
(〈{Sγ, Sz}〉 − 2〈Sγ〉〈Sz〉), (28f)
in which
Sβγ := cos βSz − sin β(cos γSx − sin γSy), (29)
Sγ := cos γSy + sin γSx. (30)
To calculate F , we need a prior distribution for the parameters α, β and γ.
We take a uniform distribution (SO(3) Haar measure)
z(α, β, γ) dαdβdγ =
1
8pi2
sin β dαdβdγ. (31)
Here we have assumed that the distribution of the z axis is uniform over a
sphere in Bob’s frame. This gives the factor 1
4pi
sin β dαdβ in (31). Once the
z or the x-y plane is fixed, the x axis can be uniformly distributed in this
place, with a distribution 1
2pi
dγ, hence Eq. (31).
Using the above distribution, we show that (see the appendix)
Tr(F ) =
16
3
(∆Sz)
2 +
10
3
(∆Sx)
2 +
10
3
(∆Sy)
2
=
16
3
(〈S2z 〉 − 〈Sz〉2) +
10
3
(〈S2x〉 − 〈Sx〉2) +
10
3
(〈S2y〉 − 〈Sy〉2)
=
10
3
〈S · S〉+ 2〈S2z 〉 − 〈Sx〉2 − 〈Sy〉2 − 〈Sz〉2 (32)
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This expression clearly shows the special role which the z− axis plays com-
pared with the other two axes. To find the state |ψ0〉, which maximizes this
quantity, we take an arbitrary state of N spin 1/2 particles,
|ψ0〉 =
N
2∑
j=0, 1
2
j∑
m=−j
aj,m|j,m〉 (33)
where j runs from 0 or 1/2 for even and odd N respectively and |j,m〉 is
the familiar angular momentum notation. It is then obvious that Tr(F ) is
maximized when j takes its largest value and 〈Sx〉 = 〈Sy〉 = 〈Sz〉 = 0. Such
a state is nothing but a GHZ state, i.e. a superposition of macroscopically
distinct states
|ψ0〉 = |GHZ〉 =
|N
2
,−N
2
〉+ eiδ|N
2
,−N
2
〉√
2
, (34)
where |N
2
, N
2
〉 = | ↑, ↑, · · · ↑〉 and |N
2
,−N
2
〉 = | ↓, ↓, · · · ↓〉 in which the spin
up and spin down are along the z− directions of Alice frame. These states
maximize Tr(F ) to the value N(4N+5)
3
.
As can be seen, in Tr(F ) the role of z direction differs from other directions.
This is due to the way Euler rotations are parameterized and is also reflected
in the Majorana representation of the state (34), shown in figure (3) which
is a superposition of equally spaced product states in the equatorial plane of
Alice, namely
|ψ0〉 = N
∑
σ
|zσ(1)〉|zσ(2)〉 · · · |zσ(N)〉 (35)
where |zk〉 = 1√2(e
iδ
N |0〉 + ωk|1〉) in which ω is the N− the root of unity,
ωN = 1 and |0〉 and |1〉 are the σz eigenstates in Alice’s frame.
Although we have obtained the near-optimal GHZ state (34) by maximizing
Tr(F ), (averaged over all rotations), we can insert this state into Tr(F−1),
where there is no averaging, to see how this state works for arbitrary rotation
between the frames. To this end, we insert the GHZ state (34), with δ = 0,
into the expressions (9) and after straightforward calculations obtain the F
matrix
11
zFigure 3: Majorana representation of the GHZ state (34) for communicating
a frame, when the rotation is parameterized in terms of Euler angles.
F (ψ(α, ,
¯
γ)) =
 N2 cos2 β +N sin2 β 0 N2 cos β0 N 0
N2 cos β 0 N2
 . (36)
This leads to
F−1(ψ(α, ,
¯
γ)) :=
1
N sin2 β
 1 0 − cos β0 sin2 β 0
− cos β 0 cos2 β + 1
N
sin2 β
 . (37)
This gives,
Tr
[
F−1(ψ(α, ,
¯
γ))
]
=
1
N2
+
2
N sin2 β
(38)
It is seen that this quantity depends only on the parameter β of the rotation,
which is the angle between the axes z and z′ and is insensitive (symmetric)
to the other two rotations. We can then compare this with the result of
Goldberg and James [12] as shown in figure (4). The vertical axis shows
12
This work: Maximizing Tr F
Goldberg and James (2018)
Figure 4: Tr
[
F−1(ψ(α, ,
¯
γ))
]
for the GHZ state (34) in our approach versus
the optimal state in [12]. It is seen that they differ only slightly for almost
all values of the rotation angle β.
Tr
[
F−1(ψ(α, ,
¯
γ))
]
for our near optimal state ψ0 (blue color) and for the
anti-coherent polyhedron symmetric state of [12]. This figure shows that the
lower bound for both these states are very close for all values of N and β.
We should emphasize however that none of these states are the real optimal
state which should be found by rigorously minimizing the right hand side
of Crame´r Rao inequality (14), i.e. minimizing Tr(F
−1
). In our case, the
shortcoming is that we really maximize Tr(F ). In case of Goldberg and
James, the shortcoming is that for the Euler parameterization of rotations,
the basic condition (3) which is true for infinitesimal rotations and hence
symmetric parameterization is no longer valid. At a fundamental level, as
we have explained in the remark after equation (15), for frame alignment in
the global approach, when we integrate over all angles of rotations, no state
can be absolutely optimal in the sense of saturating the lower bound of the
Crame´r-Rao bound. What we have obtained with our near-optimal state is
13
their simplicity in their experimental realization.
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Appendix: Deriving Tr(F ) of Euler rotation
To calculate the mean trace QFI Tr(F ) for Euler rotation w.r.t. the distri-
bution Eq. (31), we should calculate following integral:
Tr(F ) =
∫ 2pi
γ=0
∫ pi
β=0
∫ 2pi
α=0
TrF (α, β, γ) z(α, β, γ) dαdβdγ (39)
=
1
8pi2
∫ 2pi
γ=0
∫ pi
β=0
∫ 2pi
α=0
(Fαα + Fββ + Fγγ) sin β dαdβdγ, (40)
where the quantum Fisher matrix, F , is defined in Eqs. (28). We need the
following:∫ 2pi
γ=0
∫ pi
β=0
(〈S2βγ〉 − 〈Sβγ〉2) sin β dβdγ =
2pi
∫ pi
β=0
cos2 β sin β dβ
(〈S2z 〉 − 〈Sz〉2)
+
∫ pi
β=0
sin3 β dβ
∫ 2pi
γ=0
cos2 γ dγ
(〈S2x〉 − 〈Sx〉2)
+
∫ pi
β=0
sin3 β dβ
∫ 2pi
γ=0
sin2 γ dγ
(〈S2y〉 − 〈Sy〉2)
=
4pi
3
(〈S2x〉 − 〈Sx〉2 + 〈S2y〉 − 〈Sy〉2 + 〈S2z 〉 − 〈Sz〉2) (41)
and∫ 2pi
γ=0
(〈S2γ〉 − 〈Sγ〉2) dγ =∫ 2pi
γ=0
cos2 γ dγ
(〈S2y〉 − 〈Sy〉2)+ ∫ 2pi
γ=0
sin2 γ dγ
(〈S2x〉 − 〈Sx〉2)
= pi
(〈S2y〉 − 〈Sy〉2 + 〈S2x〉 − 〈Sx〉2). (42)
Putting everything together the final expression for Tr(F ) is simplified to
Tr(F ) =
10
3
(〈S2x〉 − 〈Sx〉2)+ 103 (〈S2y〉 − 〈Sy〉2)+ 163 (〈S2z 〉 − 〈Sz〉2). (43)
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